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The elastic--plastic state of an eccentric tube under the effect of internal pressure 
was examined in [i]. The solution was by the method of perturbations under the condition 
that the plastic zone completely encloses the internal contour. In this paper a modified 
perturbation method is proposed that will permit investigation of the stress state and the 
development of the plastic zone with only part of the contour enclosed. A problem on the 
elastic--plastic torsion of eccentric tubes [2] is solved by the method mentioned. 

Let us consider the cross section of an eccentric tube (Fig. I) from an ideal elastic-- 
plastic material loaded by internal pressure. The equations of the inner and outer contours 
of the eccentric tube cross section have the form 

L 1 : r - =  Fl~ 

L 2 : r - -  "8 c o s  O @ l / 1  -- 6 ~ s i n  z 0 = 1 -- 6 c o s O  ~- (6-~/2) s in ' -  0 ' - - . . . ,  

(i) 

where all the linear dimensions are referred to r2. 

In the absence of a plastic zone the internal pressure causes stress which is determined 

by the method of perturbations [3] with terms in 6 not above 62 taken into account: 

where 

o~0 = %,--~ + ~%~ ~' a ( 2 b j  - "-'d,--") x 
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The case is examined when the Poisson coefficient is ~ = 112 and the Tresk and Mises 
plasticity conditions agree 

t 2 
(% - - % ) ~  .f. ,l'r,+ = ~K 2 (3 )  

(K is the shear yield point). 

The case is investigated when the left side of (3) is maximal at the point A [4] and 
plastic flow starts from the point A when p = po. The value of Pc, is determined from (3) for 

= 0 and r = r l. 

For p > Po the plastic zone will extend from the point A and will occupy a domain sym- 
metric with respect to the x axis with an angle enclosing the inner contour 20,. Henceforth, 
the angle enclosing the inner contour of the plastic zone is understood to be 0,. 

The equation for the elastic--plastic boundary L s is written in the form 

r ,  = r~-~- p(p, 0), (4) 

where p(p, 0) is the plastic zone thickness. 

Let us introduce the smaller parameter 

~:" = ( P  - -  p o ) i r ' o .  ( 5 )  

The small parameter r from (5) is related to the angle enclosing the plastic zone 0, 
of the contour L~ by the relationship 

e ~ O , ,  s i n O , ~ e ,  c o s O , , - , t .  (6) 

We represent the stress in the elastic domain in the form 

a,- = ~,  tL.~8*, o'0 = k ~ "t'rO = E "rr0i 8~. (7)  
{==0 i= :o  i ~ O  

According to [i] the stresses in the plastic domain have the form 

Or p == - -  p -}- . K  111--,  Cr~ . . . .  p 2 K  -r- la  , 
r 1 

We s e e k  t h e  f u n c t i o n  p f r o m  (h)  i n  t h e  f o r m  o f  a s e r i e s  e x p a n s i o n  i n  e :  

p = ~,, phs ~. (9) 

The stresses in the elastic domain are expresNed in terms of the function ~,0 satisfying 

the biharmonic equation 

t o _~.. t 0 2 ( . - ( p d .  

oo  

where T is sought in the form ~-~ q%8 ~. 
i=O 

I aq, i c~2<pl 
(I0) 
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It follows from (I0) 

AZqh = 0 ,  i = O ,  t ,  2 . . . .  

The stresses in each approximation have the form 

(ii) 

rSr i r Or "F- r2 80 ~ , O o i -  Or ~ , TrOi : =  r" O0 r OrO0" 

The boundary conditions on the contour L, are determined in the elastic domain from the condi- 
tion of loading by internal pressure p with (5) and (7) taken into account 

. ~  o '~s  p ~  -~- s~), ~ = O. : = : - - .  ~.~ TrOiS ~ 
i=0  i:=0 

( 1 2 )  

Equating terms with identical powers of e in each of the equations in (12), we obtain boundary 
conditions for the different approximation on the contour L~: 

Oro . . . . . .  Po, % r  ~- O, %: =:. - - P o ,  or~ = 0 ,  i .... 3 ,  4 ,  . . . ,  

~o,-  ..... 0 ,  i :.= 0,  t ,  2, . . . 
( 1 3 )  

The boundary conditions on the contour L2 are: 

o| o| 
�9 , k~ 

E O,'~8~COS( tA', F)-T ~ .~  :-= r~,~ co:--' (~:, 0) O, 
i-:0 ~-  0 

COS (.~, 0) i~  ~; ~ " ~IUoiE ~ Tr(bg (Ob(?t~, V'} (}, 
i-=0 L: 0 

(14) 

where (n=, r), (n=, 0) are angles between the normal to L= and the axes of a polar coordinate 
system. The expressions for cos(n2, r) and cos(n2, 0) are: 

O r  r--~O O 
0 V ( ' ' ' '  0) .... + 

where O--r--I-~-8cos0 ,~-(6~/2)sin ~0 [-... is the equation of the outer contour of L2. Sub- 
stituting r162 and manipulating, we obtain 

COS (n~, r)  := I - -  62 s i n  ~ 0 /2  ~- . . . ,  COS (n2, O) . . . .  6 ~ in  0 i- �9 �9 �9 ( 1 5 )  

E q u a t i n g  t e r m s  w i t h  i d e n t i c a l  p o w e r s  o f  c i n  ( 2 4 ) ,  w e  o b t a i n  b o u n d a r y  c o n d i t i o n s  o n  t h e  c o n -  

t o u r  L2 f o r  d i f f e r e n t  a p p r o x i m a t i o n s  

o~L cos ( .~,  r) i - ' t~o~  t'os (,z~, O) .-- O, 

oo~ cos (n~, 0) - i  ~o ,  cos (:~:. r) =: 0, i = 0, l,  2 . . . .  
(16) 

The boundary conditions for the elastic domain on the elastic--plastic boundary are de- 
termined from the condition of equal stresses: 

or  = o~, o0 .. o~, % - o = 0 .  ( i 7 )  

Us ing  ( 4 ) ,  ( 7 ) ,  and ( 8 ) ,  we expand (17) i n  a power s e r i e s  i n  p w i t h  r e s p e c t  to  the  con -  
t o u r  L~ but limiting ourselves to terms with powers not above e3: 

a T - I  I - �9 i=O m=0 \n=l ] ~w=0 k n = l  ] 

(z8) 

and furthermore, expanding the sum 
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OOro , e ) erO "~ - ~ r  ( Pl -~- 8203 8203) Or----g- 

3 3 3 Otyr I 02{7ri g3iO~ Ogro - - 0 0 r o a  Pl ~ _~ 

[ N  , ) +  2 v.-.o.~^3. 
q- eaZra = -- Po -- e2Po q- 2 K r ~  1 (ePl -4- e2P ,, - i  saPa) -- 2 K r ~  ~ ~ 2 T eaPlP2 -~- ~-i ~ p1, 

-Trt oo . ~Z 
0 o p a i OmgOi ongn l O0 %' n 

i=0 m=0 m! Or m kn=l  / m=o -- 

i = O  ~i=O OF ~ n = l  

(19) 

(20) 

(2i) 

Upon expanding the sum in (20) we obtain an equality analogous to (19) with the difference 
that the right side equals zero. There follows from a comparison of the terms in (19) 

2Kr~-i ~ / , 2 0 ) - -  --dr :=- _,o ~ B r l  Sil:l -~- -~ ~2Drl sin ~- O , ( 2 2 )  

where Brz = 2b~ + 6az'rz-4 Drz = 24alr~ 5 + 8blr[ 3. After expanding sin=(e/2) and sin20 in 
series and retaining terms with 0 not above e 3 we obtain 

((1/2)5Brl -~- 25~D ~")02" ( 2 3 )  

Taking account of (23) and (6) and equating terms for r in (19), we obtain the boundary con- 
ditions for arz on Lz 

~ r i  == 0 .  
(24) 

From (21) with (6) taken into account we obtain the boundary condition on Lz for Tr0z after 
equating terms in e: 

%01 = 0. (25) 

Taking account of (24) and (25), we have from the boundary conditions (13), (16), (17) 

(Fi~= 0, p i : =  0. (26) 

Taking account of (26), we obtain the problem to determine the second approximation stresses 
from (18) and (21): 

A2rPe; gr~ := - -Po,  VrO~ := 0 on L~; 
G~ cos (n2, r) + ~.o2 cos (n .  0) = 0, 

003 cos (n2, 0) -+- %.02 cos (n2, r) == 0 on L 2. 

(27) 

The boundary-value problem (27) agrees with the problem of elastic loading on an eccen- 
tric ring by internal pressure whose solution is (2). Keeping terms with 8 not above e 3, it 
can be shown that 

(--Po q- 2K -- goo ) := Lj02, 

J t --3 ~ --4 w h e r e  L z = -~- 6Boo -~ 252Doo; Boo - -  6 b l r l  q-  2 a l r z  ' ; Doo ~= 2a:  q- i2b.,r~ + 6a~r 1 . 

(28) 

From (20) we determine by taking (26), (27), (28) into account 
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aOo g2 -- L~O 2 

 .oo ) ' \ Or 4 : 2 K r l l  e2 

from which we obtain after substituting ~8o, 3~@o/3r and taking (6) into account 

- -  L~O" -~- ~ f,e,- 

p~ --  M~e~ ' 
(29) 

where 

M1 = Aoo @ 5Boo + 62(C0o @ Doo); M~ - - - ( A o l - ~  5~(Co, @ Do1))d-2Kr~*; A~o = - -  a o r S  !-2Co; 

- -  ' " : = o  'r  -~.  D o l = 2 4 b o r ,  24a~r~ a. Ce0 == a . o r ? = 2 c o ;  A a l - 2 a o r l a ;  Col .ao , , . - -  

The  a n g l e  e ,  e n c l o s i n g  t h e  c o n t o u r  L~ o f  t h e  p l a s t i c  zone  i s  d e t e r m i n e d  f r o m  t h e  c o n d i -  
t i o n  Pa = 0 for 0 = ~,: 

0,  == e }/alfl,"L 1. (30) 

- N (o5 - o 0 / <  (31) 

where N = L,/Ma. 

Let us determine the stress for the third approximation. We obtain the boundary condi- 
tions for the third approximation on LI by equating terms of identical powers with e s from 
(18) and (21) with (31) taken into account 

%a -- 0: 

( o l  - o : )  
T r O 3  ~ =  - -  ~ 3  o r  

We substitute the value of 3~reo/ar into (33), take account of (6) and obtain 

(32) 

(33) 

(34) 

where 

I --3 
T = (6E, q- 26~F~) N, E~ = 2b~ <- 6 a ; r f  ~, F~ = 24a;r7 ~ q-. 12b._,q )- /tbzr~ . 

Let us determine the boundaryconditions on L2. The solution of the problem for the 
third approximation depends on the parameter 8 which is the eccentricity of the tube. We 
seek the solution in the form of a power series in ~: 

i = O  i = O  i = O  

It follows from (I) that the radii r of the contours L=, L' = 2 differ by Ar ~ cos a + 
(da/2)sin20 + .... After substituting (15) and (35) into (16) and expanding the stress ina 

power series in Ar around the contour L; d i s p o s e d  c o n c e n t r i c a l l y  r e l a t i v e  to  L1 ,  we o b t a i n  

6"~ " ~  *~ ) 
6" sm (_t)m % ~  2 W t - - -  + + 

Or m m{ 2 " " " 
m=0 {=0 

Z �9 m 
~,n (Scos 0 ~ - -  sin-O| (36)  

+ ~ ~ ( _ _ l ) m  ~ m-tea'\ ' 2m! / 5 i ( - - 6 s i n O @  . . . ) - - 0 ;  
m=O {=0 
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X ~  *)'~%.~ ~ 6 cos 0 = ~.~_ si~- 0) m 

0 r ,a m ! 
;'It =~0 'i~O 

6 i (  - 6 s i n O  + . . . )  ~ ,  

~o.~, - - .  6 ~ I a" s~n-O 
+ ( -  ~ ) "  ~""~ o . . 

m=o i=-o arm m! 2 ~ " ' ' 
=0. 

(37) 

We equate terms of identical powers in $ in (36) and (37) and limiting ourselves to terms 
with powers not higher than ~= we obtain 

zr.~o =~ 0, z~o.~o = 0; ( 3 8 )  

a ~ l  = ~ cos 0, r = qoao s in  0; 
( 39) 

�9 9 o 
, s ~ n -  0 ~ - z , , ~ o  , _ _ _  (40) (Tr:]2 ff~'30 Slll~ 0 ~(7r80 " r ~OS 2 0 ~(~r31 C 

- -  '2 i Or 2 Or ?, 2 ~ d r  OS 0 - ~ T r 0 3 1  s i n  0 ,  

r,o32 vr s i n 0 c o s 0  i-c~,)alsin0 ~ - -  - c o s 0 .  
Or 

A solution of (ii) under the boundary conditions (32) and (34) on L~ and (36) and (37) on L= 
does not exist since the loads applied to the contour LI will not be equilibrated. Indeed, 
projections of the forces acting on the outer contour L2 equal zero, while the forces acting 

on the inner contour L~ equal 

O, 

Fy --= 0, F~ = J' (z,3 cos 0 - -  ~o3 s in  0) rid0. (41) 

From the integrand of (41) there follows that ~r63 sin 8 is of the order of 9.  Hence, to ob- 
tain F x = 0 such radial stresses are necessary as will, in their magnitude, be among approxi- 
mations above the third. It therefore follows that radial stresses for the third approxima- 

tion were excluded. 

For a continuous assignment of Tre3 on the whole contour L, we expand the value of TreS 
(34) given in -- e,~<~. ' e<-~ r in a Fourier series: 

Tr0~ ~ . , ~  b~ sin k0, (42) 

where 

5~ -- �9 �9 ~ k~ ~ ~-~ s i n k 0 ,  c o s k 0 ,  , k = t ,  2, 

It follows from (42) that only for k = i do the tangential stresses yield a force along the 
x axis. Hence, to solve the problem formulated, radial stresses should be introduced that 
equilibrate the tangential stresses for k = i: 

r3 ~= (43) 

which are of the order of e or r higher than Tre3. Let us note that the tangential stresses 
will be self-equilibrated for k~ 2. 

The expressions (42) and (43) are the boundary conditions on L: for different k: 

(~) (1) bk sin 0, k t ;  (~ra = bk cos0 ,  Trea == = ( 4 4 )  

o(~) 0, TI.~ = bn sin k0, k ~> 2. ~3 = (45) 

Let us limit ourselves to terms not higher than ~z. Equating terms of identical powers in 
6 into (44) and (45), we obtain boundary conditions on LI that correspond to (38)-(40) the 

boundary conditions on L=': 
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where 

o ( • )  O, (~) ,'~o = "r,,O3o = O, k = O, t ,  2 . . . .  ; (46) 

af3~ = O, "c~l  = O, k = O, 1, 2 . . . .  ; (47)  
i . . . . . .  

r,(1) <z) ~r32 ea cos 0 "r;.o3~ e h  sin O, k 1, _(h) O, -(~) = = = o , 3 2  = ~ ,o30.  = e h  s in  kO, (48) 

k = 2 , 3  . . . . .  

8~? /cO,) .  eh ( t  - -  r ~ f '  ( t  , 2 ) ( ( - - 2 0 ,  60, =~  _ k~ ~ kO,  ~ cos 

In conjunction with (46)-(48), expressions (38)-(40) areboundary conditions of the problem of 
tube loading by internal pressure proportional to sin k0, cos k0. Here (38) and (46) are 
the boundary conditions to determine the zeroth approximation stress in ~; (39) and (47) are 
to determine the first approximation stress in ~; and (40), (48) to determine the second 
approximation stress in ~. 

Therefore, finding the third approximation stress reduces to solving the problem of 
loading a concentric tube by internal and external pressure proportional to sin k0, cos k0. 

Using the solution in [5], we obtain 

~,.:, = ~- ( 4 ~  -,'-- ~ ~<.el:  
~ ,,,~/ ( 4 9 )  

\ . ~t<% " -  i,,,,/ "03~7, (50) 
L>-:=2 

i , 

=,o:~ == t'r,.~.~ ~- . ~c,o:~,j, (51)  

where 

o<') 2I (7 --  r - :9  co~ O; =,:o~= ,.,,,, (}~ 21 (r  . . . . . .  . : :  . . . . . .  r ~ sul  O; 

o~'> -S C,,, .~- . . . . .  D."~ ..... ~,8.., = '~ " , , . - g c o : + o ;  I 2(1  - r l ) '  tc = I; 

cs<~> t < ' ;  - '>~ - ' -  ' ~," - -  2) [:~ -=':) q~'-'-> -l- ~ . # l  x , , ~.  / 

-+ ( ( k - - 2 ) ( z ;  f - ~ )  l-(t< ~-2) f~  ~'< .~,6: ; )~/-~- '~ ~ ( - .  ~z. 2 ) ( L +  l )  ' . . . .  . \ t ~ ' "  T 

+ (k ~ - ~) p -~  .... (h. - -  2) p-~-") s + ( @  - -  l ) ( k  + 2) .... (~+>, - -~:) p-~ - ( i ; .  I - 2 )  1 ~'<) q - " )  r <..o.~ z.o; 

oo~, <~) = :,--~,~~ ((( , , ; - --  I )  (t,: i - :2) .... z~ ~  . . . . .  ( t<.-- 2)F-<-'~)~s~--~) + ,  

+ ( -  ( k - -  2)(;,  -i- 1) I--k-oP ~ --- (k -V 2)p"~:) q-~" +~> '~ ((i~ ~- ])(ti. 7-- 2) 

- - ( k - ' -  2)<-> I$-~ .~ (,zr .. 7 2) ff-'-'~) q~' 4-. ( -- ( ! , ,  . . . .  2) (,to - -  l )  7-('-,,, - -  2)~17, -~ .-I ( l : - -  =.,',~, IF.'<) q-~:) <% cos z,o: 

~<':> ~ 7  (((/t I) (Ic c-. 2 )  ..... x:~-p -~ (s<, 2) P-"~'9 s  + r0.ql -'-==- -- ! . . . .  

-t- ((k .... 2)(!,. L, 1 ) - -  /;21~-',- (k ,~- 9)f~=' i)q -<';~=) +-r- ( t r ( l c i . l ) - l . c ( # - . L 2 ) V ' + .  , . 

-!.. s,~:,>--~:) -C" ,,-- (/< (,:' - t )  - h. (S~--  :~) I~ -~ - -  ,%"-"9 ~- ; : )  ~,,, <-~, Z:0; 
"l 7' 

= 2 1 + - -  ~) - .  h.~ (p--~ -i- [~:~) + (I>, - 2 '  i- t~-'~); t~ --: . = ,  q - -  , . .  
t j .  

E a :  

Having obtained the value o03 (50), we determine P3 from (20) by equating 

i03 -- 

2 ~,i_,. - 0 %  
~r  

terms with 

(52) 
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: i ~ . . . .  = F----] 

I 
0 ~0 20 309, deg 

Fig. 2 

According to (9), by using (29) and (52) we obtain the plastic zone thickness 

V=gp . ,+  e3p~ 

and from (4) we obtain the position of the elastic-- plastic boundary (see Fig. i). 

We obtain the stresses in an elastic domain from (7), (26), (27), (49)-(51) by limiting 
ourselves to the third approximation 

The s o l u t i o n  o b t a i n e d  s a t i s f i e s  t h e  e x a c t  e q u a t i o n s  o f  t h e  t h e o r y  o f  i d e a l  p l a s t i c i t y  
i n  t h e  p l a s t i c  d o m a i n  and  t h e  t h e o r y  o f  e las t i c i ty  i n  t h e  e l a s t i c  d o m a i n .  H e r e  b e c a u s e  o f  
t h e  l i m i t e d  number  o f  a p p r o x i m a t i o n s ,  t h e  b o u n d a r y  c o n d i t i o n s  on t h e  o u t e r  c o n t o u r  and  t h e  
c o n j u g a t e  c o n d i t i o n s  on t h e  e l a s t i c - - p l a s t i c  b o u n d a r y  a r e  s a t i s f i e d  a p p r o x i m a t e l y .  

T h e r e f o r e  t h e  a c c u r a c y  o f  t h e  s o l u t i o n  o b t a i n e d  c a n  be  d e t e r m i n e d  w i t h  r e s e p c t  t o  t h e  
' ~ '  2 --X residual on the elastic--plastic boundary 1 -- /(o e -- Or) + 4rre(2K) and with respect to 

the relative boundary conditions on the outer contour pv(2K) -t, where 

pv = [ / ~ - ~ - ' ~ ;  (1--=% cos ~ (n.,, r )+a o cos2(n2, O) -6 2~rO cos (n.,, r) cos (he, 0); 

r = ( %  -- a t )  c o s  (n~,  r )  c o s  (nz ,  o) i ! ~ 0 ( c o s  ~ (n~,  r )  -- c o s  ~ (1~2, 0 ) ) .  

The i o c a t i o n  o f  t h e  b o u n d a r i e s  L s i s  r e p r e s e n t e d  i n  F i g .  2 f o r  a t u b e  w i t h  t h e  p a r a m e -  
t e r s  r , / r a  = 0 . 9 ;  6 / r a  = 0 . 0 5  f o r  c = 0 . 1 3 ;  0 . 2 2 ;  0 . 2 9  ( c u r v e s  1 - 3 ) ,  r e s p e c t i v e l y .  
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